We measure the average charge on the island of a single-electron box, with an accuracy of two thousandths of an electron. Thermal fluctuations alone cannot account for the dependence of the average charge on temperature, on external potential, or on the quasiparticle density of states in the metal from which the box is formed. In contrast, we find excellent agreement between these measurements and a theory that treats the quantum fluctuations of charge perturbatively. DOI: 10.1103/PhysRevLett.91.106801 PACS numbers: 73.23.Hk, 73.63.Kv, 85.35.Gv A general feature of quantum many-body phenomena is the screening of a single degree of freedom by a bath of virtual excitations. The Lamb shift and the Kondo effect are well-known examples, where the discrete states of a hydrogen atom or a magnetic impurity are renormalized by the quantum fluctuations of an environment of virtual photons or virtual spin flips. In single-electron circuits [1] , such as the single-electron transistor (SET) [2] , the charge pump [3] , or the single-electron box [4] , the same sort of quantum fluctuations exist in a system which can be controlled and measured electrically. These fluctuations arise from the virtual tunneling of electrons between the metal islands and the metal leads that comprise single-electron devices. Electron-hole pairs, generated by the virtual tunneling, partially screen the charge on the islands and modify the discrete spectrum of charge states. The single-electron box, the simplest single-electron circuit, is the ideal system in which to test the theory of quantum charge fluctuations.
A general feature of quantum many-body phenomena is the screening of a single degree of freedom by a bath of virtual excitations. The Lamb shift and the Kondo effect are well-known examples, where the discrete states of a hydrogen atom or a magnetic impurity are renormalized by the quantum fluctuations of an environment of virtual photons or virtual spin flips. In single-electron circuits [1] , such as the single-electron transistor (SET) [2] , the charge pump [3] , or the single-electron box [4] , the same sort of quantum fluctuations exist in a system which can be controlled and measured electrically. These fluctuations arise from the virtual tunneling of electrons between the metal islands and the metal leads that comprise single-electron devices. Electron-hole pairs, generated by the virtual tunneling, partially screen the charge on the islands and modify the discrete spectrum of charge states. The single-electron box, the simplest single-electron circuit, is the ideal system in which to test the theory of quantum charge fluctuations.
The box has been studied theoretically [5] [6] [7] [8] [9] because it is a model system for understanding electron-electron interactions and because the quantum fluctuations in the box are analogous to both the Kondo effect [5] and the Lamb shift. In spite of the extensive theoretical work, few experiments have probed the fluctuations described by Refs. [5] [6] [7] [8] [9] . Those experiments that have done so are mostly in semiconductor dots [10 -12] ; whereas the theory of Refs. [6 -9] describes metallic systems, such as our box or Refs. [13, 14] , in which the tunnel junctions comprise many nearly opaque channels. Because the quantum fluctuations screen an electron with a polarization charge much less than one electron, very sensitive charge measurements are required to resolve the fine structure associated with these fluctuations.
In this Letter, we measure the time-averaged charge on the island of a single-electron box with an accuracy much better than one electron using a radio-frequency SET (rf-SET) [15] . We observe quantum fluctuations of charge, and we modify the strength of these quantum fluctuations by changing the temperature, the external potential, and the quasiparticle density of states of the metal in which the tunnel junction is embedded. In each case, we find quantitative agreement between our results and the theory of quantum fluctuations.
Our single-electron box is composed of an isolated aluminum island attached to an aluminum lead through a thin insulating layer across which electrons can tunnel. A 1 T magnetic field is applied to keep the aluminum in its normal (nonsuperconducting) state. An additional lead, called the gate lead, lies near the island and changes the electrostatic potential of the island with the application of a voltage V g to the gate lead through the gate capacitance C g . The total island capacitance C 0 is small enough that the addition of a single electron to the island requires a large electrostatic energy
where
is the charging energy, n is the number of excess electrons on the box, and n g C g V g =e. The minimum energy is clearly achieved when n is the integer nearest n g ; when n g 0:5 the two lowestenergy charge states are degenerate.
Equation (1) ignores the quantum fluctuations, or the effects of the coupling of island and lead through the tunnel junction. The junction couples the charge states to each other and to quasiparticle excitations in the metal on either side of the junction. This alters the spectrum of states in Eq. (1) [6, 7, 9] , where R j is the box junction resistance. By measuring the average charge on the box island Q box =e versus n g (Coulomb staircase) with an uncertainty less than g, we can compare all three effects with theory.
We measure Q box as a function of n g by coupling the box island to an rf-SET electrometer through a capacitor C C [15] [ Fig. 1(a) ]. The quantity that we measure directly is the charge coupled to the electrometer Q elec versus n g , which approximates a sawtooth function (Coulomb sawtooth). We infer the Coulomb staircase as Q box n g e ÿ Q elec = [ Fig. 1(c) ], where C C =C N is the fraction of the charge on the box that couples to the electrometer. The value of e is not an independently known parameter; rather, it is determined as the slope of the Coulomb sawtooth at n g 0, assuming that Q box is independent of n g at n g 0. Following this procedure, we extract a value of 3:35 0:05 10 ÿ2 . Our assumption is valid if we interpret C N (and E N C ) determined in our experiments as a value renormalized by tunneling, not the bare, geometrical value C 0 , which is a parameter in the theory of Refs. [6, 7] . While we cannot prevent tunneling and measure C 0 , we can suppress tunneling and observe a variation in the total box capacitance.
We find the first evidence of quantum fluctuations by examining the temperature dependence of the Coulomb staircase. We measure the staircase at a high temperature (T 500 mK) and extract a value of E Additional circuit elements (not shown) apply an rf signal between the SET's drain and source and detect the amount of rf power reflected P r from the rf-SET [15] . (b) Calibration of the Coulomb sawtooth is accomplished by varying the SET's control gate voltage V ge n ge e=C ge about a fixed operating voltage V op n op e=C ge while the box gate is held at n g 0. This applies a known charge signal Q elec en ge ÿ n op to the SET. The plot P r versus n ge ÿ n op Q elec =e (solid line, top axis) is a nonlinear map (implied by dotted lines) that converts P r versus n g (dashed lines, bottom axis) into Q elec versus n g . The electrometer's operating point n op 0:44 and an alternative n op 0:56 and are indicated (two dots). (c) The Coulomb sawtooth, Q elec versus n g , (dashed line) on the right axis, and the Coulomb staircase, Q box vs n g , (solid line) on the left axis at T 30 mK. 5 SEPTEMBER 2003 electrostatic degeneracy, n g 0:5, consistent with temperatures below 30 mK. Because the box is most sensitive to external noise at degeneracy, this surprising behavior is both inconsistent with an external source of noise and a qualitative hallmark of quantum fluctuations [10] .
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The theories of Refs. [5, 8, 9] predict the slope 1=edQ box =dn g of the Coulomb staircase, essentially the polarizability, at n g 0:5 as a function of temperature [8, 9] . Because E N C =2k B T in the absence of quantum fluctuations, a plot of 1= versus T reveals the quantum fluctuations in its deviation from a line with slope 2k B =E N C [ Fig. 2(c) ]. Near n g 0:5, where the two lowest charges states are nearly degenerate, quantum fluctuations cause a temperaturedependent reduction in the energy separation, U 1 ÿ U 0 E C 0:5 ÿ n g , of the levels, described by a reduced
Note the similarity to the Kondo effect where the screening of a localized magnetic impurity by itinerant spins leads to a logarithmic in T correction of the impurity's magnetic moment [5] . In Fig. 2(d) , we plot E C T versus T and find good agreement with Ref. [9] , in a comparison with no adjustable parameters. This same effect was observed in SET's by Joyez et al. [13] .
To make the comparison with theory, we must have an independent determination of the dimensionless conductance of the box, g 4:2 0:2 10 ÿ2 , which can be obtained by studying the box in its superconducting state. With no applied magnetic field, the aluminum superconducts, and the parameters of the box, C S 518 6 aF and R j 15:4 0:9 k, can be extracted by microwave spectroscopy of the coherent two-level system formed by the coupling of Cooper pairs between the lead and the island [18] . What is directly measured is the charging energy in the superconducting state We are able to tune this influence of the DOS by continuously reducing in the aluminum with an applied magnetic field B app . We observe that C S is a function of B app by measuring S C C =C S , the slope of the Coulomb sawtooth at n g 0, as the aluminum is driven from the fully superconducting state to the normal state. With increasing B app , S is reduced continuously from a value S 3:70 0:05 10 ÿ2 with B app 0 to 3:35 0:05 10 ÿ2 in the normal state (Fig. 3) . Because The theory of the normal box [7] predicts that the effects of tunneling can be treated around n g 0 as a renormalization of C 0 to a value larger by the factor 1 4g 10:93g 2 Og 3 1:18. The renormalization of the bare capacitance in the superconducting state C S =C 0 is predicted to be smaller than in the normal state because the quasiparticle excitations have a minimum energy , which suppresses the virtual tunneling. The bare capacitance is not an experimentally accessible parameter; however, the perturbative techniques of Ref. [7] can be used [20] to calculate the renormalization of C 0 for a metal with a BCS, rather than constant, DOS. Inverting this, we infer from the normal state (C 0 498 16 aF) and from the superconducting state (C 0 478 7 aF) values for the bare capacitance that are consistent with each other. By altering the DOS, we have observed that the capacitance of a tunnel junction is not a property of tunnel junction alone, but also of the spectrum of low-energy excitation in the metal from which it is made.
We have already seen that the electrostatic energy of the box is both a function of the temperature and of the is visible as the nonzero slope 1=edQ box =dn g of these plots at n g 0. The inset shows S B app versus B app and the value of E S C B app inferred from S , as the aluminum is driven from its superconducting to its normal state. In the superconducting state, a single out-of-equilibrium quasiparticle on the box's island keeps the Coulomb staircase e periodic.
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week ending 5 SEPTEMBER 2003 quasiparticle DOS in metal lead and island. We now show that the ground-state energy deviates from the parabolas of Eq. (1). Because Q box =e n g ÿ 1=2E 0 C dU n =dn g at T 0 [6] , Eq. (1) implies perfectly flat steps in the Coulomb staircase, whereas we observe some curvature around n g 0 even at T E N C . The ground-state energy cannot be quadratic in n g . This modification of the ground-state energy is the Lamb shift in the singleelectron box.
It is precisely the detailed shape of the Coulomb staircase at T 0 that is predicted by [6, 7] and which provides the most stringent test of the theory (Fig. 4) . We find that Q box deviates from a perfect step function by several percent in the range 0 < n g < 0:45 [16] . In this region at the base temperature of our cryogenic apparatus, we may consider the box to be in a zero temperature limit and ignore the influence of the electrometer (Fig. 4) . To an accuracy of 2 10 ÿ3 e, limited by the linearity of the applied gate voltage, we find agreement with this theory. Our measurement is sufficiently accurate and sensitive that the perturbative calculation of Ref. [7] must be carried out to second order to show agreement with our experiment, even for the relatively small value of g 4: 2 10 ÿ2 . In these experiments, we have used an rf-SET electrometer to measure the polarizibility of a mesoscopic electrical circuit. We have chosen to apply this technique to the single-electron box, a model system for understanding electron-electron interactions whose Hamiltonian is analogous to the Kondo Hamiltonian. We find excellent agreement between our measurements and a perturbative treatment of the quantum fluctuations. The excellent agreement between our measurements and theory both supports this theory and demonstrates the precision electrometry possible with the rf-SET. The technique we demonstrate would be an ideal method for exploring the equilibrium behavior of more complicated mesoscopic circuits, such as semiconductor quantum dots or carbon nanotubes. The theory plots are the charge on the box predicted for thermal fluctuations but no quantum fluctuations at T 125 mK (dashed dotted line) and T 29 mK (dashed line), and for the quantum fluctuations calculated to first order in g (dotted line) and second order in g (solid line) [6, 7] . The second order calculation is fit to the data with the adjustable parameter 3:375 0:001 10 ÿ2 , which is better constrained by this fit than by extracting the slope of the Coulomb sawtooth. Note we have plotted both data and theory in the form with dQ box =dn g 0 at n g 0 unlike Refs. [6, 7] . Inset: the same data over a range 0 < n g < 1. The dashed box indicates the region plotted in the main figure. 
week ending 5 SEPTEMBER 2003
